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derivation
$p$ $q$
$n\geq 1$ $k_{2},$ $k_{3},$
$\ldots,$
$k_{n}\geq 1$ $k_{1}\geq 2$ index
$k=(k_{1},k_{2}, \ldots,k_{n})$
admissible index $\zeta(k)$
$\zeta(k)=\zeta(k_{1}, k_{2}, \ldots, k_{n})=\sum_{m_{1}>m_{2}>\cdots>m_{n}>0}\frac{1}{m_{1^{k_{1}}}m_{2^{k_{2}}}\cdots m_{n}^{k_{\hslash}}}$
wt(k) $=k=k_{1}+k_{2}+\cdots+k_{n}$ $k$ weight dep(k) $=n$
$k$ depth height ht(k)
ht(k) $=s=\#\{i|k_{i}\geq 2\}$
Euler
(Euler ” ”2 ) Euler
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1 (Euler [3])
$\zeta(k-1,1)=\frac{k-1}{2}\zeta(k)-\frac{1}{2}\sum_{r=2}^{k-2}\zeta(r)\zeta(k-r)$ .
2 index 1 $(\zeta(k-1,1))$ ...‘











2 (Hoffman [5]) admissible index $k=(k_{1}, k_{2}, \ldots k_{n})$
$\epsilon_{1}+ea+\cdots+\epsilon_{n}=1\sum_{\forall\epsilon_{j}\geq 0}\zeta(k_{1}+\epsilon_{1}, k_{2}+\epsilon_{2}, \ldots, k_{n}+\epsilon_{n})$





ohno sum formula . duality formula
Kaneko derivation (derivation relation) ohno






sum formula cyclic sum formula
Hoffman ohno
( Drinfel’d )
3 (cf. [13]) admissible index $k=(k_{1}, k_{2}, \ldots , k_{n})$





dual index admissible index $k$
$s\geq 1$ $a_{1},$ $b_{1},$ $a_{2},$ $b_{2},$ $\ldots a_{\iota},$ $b_{s}\geq 1$
admissible index $k’$
$k’$ $k$ dual index




5 (sum formula [4, 14]) $0<n<k$











6 (Le-Murakami [9]) $1\leq s\leq k$
$\sum_{k\cdot dmiaeible}$
$(-1)^{dep(k)} \zeta(k)=\frac{(-1)^{k}}{(2k+1)!}\sum_{r=0}^{k-s}(\begin{array}{ll}2k +l2r \end{array})(2-2^{2r})B_{2r} \pi^{2k}$ .






7 (Arakawa-Kaneko [1]) $m,$ $r\geq 1$ $k\geq 2$
$a_{1}+a_{2}+ \cdots+a_{k}=m\sum_{\forall a_{j}\geq 0}(\begin{array}{l}a_{l}+rr\end{array})\zeta(a_{1}+r+1,a_{2},a_{3}, \ldots a_{k})$





sum formula duality formula . Hoffman
8 $(O[10|)$ admissible index $k=(k_{1}, k_{2}, \ldots , k_{n})$ $l\geq 0$
$Z(k;l)$
$Z( k;l)=\sum_{\forall\epsilon_{j}\geq 0}\zeta(k_{1}+\epsilon_{1}, k_{2}+\epsilon_{2}\epsilon_{1}+\epsilon z+\cdots+\epsilon_{n}=l k_{n}+\epsilon_{n})$
,
$k’$ $k$ dual index
$Z(k’;l)=Z(k;l)$ .
$l=0$ duality formula
dep(k) $=1$ sum formula $0<$
$n<k$ $k=(n+1)$ dual index
$Z( k’;k-n-1)=\sum_{\forall\epsilon_{j}\geq 0}\zeta(2+\epsilon_{1},1+\epsilon_{2},1+\epsilon_{3}e\iota+\epsilon_{2}+\cdots+\epsilon_{n}=k-n-1 1+\epsilon_{n})$
,









derivation relation derivation relation $+duality$
O-Zagier
3
$G_{0}(k,n, s)= \sum_{k\in I_{0}(k,n,s)}\zeta(k)$
$I(k, n, s)$ k $n$ $s$ $k$
sum formula
$\Phi_{0}(x,y, z)=\sum_{k,n,\iota}G_{0}(k,n, s)x^{k-n-\iota}y^{n-s}z^{\epsilon-1}$
$\in R[[x, y, z]]$
$I_{0}(k, n, s)$ $k,$ $n,$ $s$ $s\geq 1,$ $n\geq s,$ $k\geq n+s$
9 (O-Zagier [11]) $\Phi_{0}(x,y, z)$
$\Phi_{0}(x, y, z)=\frac{1}{xy-z}(1-\exp(\sum_{n=2}^{\infty}\frac{\zeta(n)}{n}S_{\mathfrak{n}}(x, y, z)))$ ,
$S_{n}(x, y, z)\in Z[x, y, z]$
$S_{n}(x,y, z)=x^{n}+y^{n}-\alpha^{n}-\beta^{n}$ , $\alpha,$ $\beta=\frac{x+y\pm\sqrt{(x+y)^{2}-4z}}{2}$
log $(1- \frac{xy-z}{(1-x)(1-y)})=\sum_{n=2}^{\infty}\frac{S_{n}(x,y,z)}{n}$
$S_{n}(x, y, z^{2})$ $n$
$k,$ $n,$ $s$ $G_{0}(k, n, s)$















$S(k,n)=\{(k_{1},k_{2}, \ldots k_{n})|k_{1}+k_{2}+\cdots+k_{n}=k, k_{i}\geq 1\}$
$S(k, n)$ 2 $k,$ $k’$ $n$
$k\sim k’$ $S(k, n)$
$\Pi(k,n)=S(k,n)/\sim$
cyclic sum formula
10 (cyclic sum formula, Hoffman-O [7]) $\Pi(k, n)$ $\alpha$
$\sum_{(k_{1},k_{2},\ldots,k_{n})\in\alpha}\zeta(k_{1}+1, k_{2}, k_{3}, \ldots k_{\mathfrak{n}})=\sum_{(k_{1},k_{2\cdots\prime}k_{n})\in\alpha}\sum_{i=0}^{k_{1}-2}\zeta(k_{1}-i, k_{2}, k_{3}, \ldots k_{n},i+1)$.
duality formula
Hoffman
$\alpha\in\Pi(k,n)$ $\beta\in\Pi(k, k-n)$ dual class $\alpha$ admissible index
dual index $\beta$
8
1 ((symmetric) cyclic sum formula) $\Pi(k, n)$ $\alpha$ dual class $\beta\in$
$\Pi(k, k-n)$
$\sum_{(k_{1},k_{2},\ldots,k_{n})\in\alpha}\zeta(k_{1}+1, k_{2}, k_{3}, \ldots k_{n})=\sum_{(k_{1}’,k_{2}’,\ldots,k_{n}’)\in\beta}\zeta(k_{1}’+1, k_{2}’, k_{3}’, \ldots k_{n}’)$
.
10 depth depth 1
$\Pi(k, n)$ class 10





wt(k)$=k$ , dep(k) $=n$ wt(k)$=k$ , dep(k)$=n+1$
weight depth depth
sum formula
cyclic sum formula sum formula
sum formula
Hoffman web page
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